1st problem class — this week
To be handed in next week

Also remember the online problems
http://www.hep.shef.ac.uk/phy226

Check the fire exits — There
may well be a fire drill today

Topic 3

Ordinary Differential equations

Purpose of lecture 3:
E Solve 15t order ODE
E Solve 2" order homogeneous ODE

Defining terms |

1st order

dx
means the highest differential term is —

dt
2nd order d’x
means the highest differential term is T

t

Ordinary
means solutions are functions of one variable x(r)
Homogeneous i
means that f{z) =0 ade+bj’;+cx=f(t)

Defining terms Il

The General solution is the broadest most long-
winded version of the solution

N(t)= Ae™

The Particular solution is the result of applying
boundary conditions to the general solution

N(t) =5

Today we solve 1st order and 2"d order
homogeneous ordinary differential equations...

1st order homogeneous ODE

e.g. radioactive decay

AN(@)
= =N

d—N——/ljdl 1st method:
- Separation of variables

gives InN=-Ar+c

N = e—/lt+c _ e—ltec _ Ae—lt

1st order homogeneous ODE

e.g. radioactive decay LXI(Z) =—AN(?)
t
2nd method: Trial solution
t
. . . N(t)=A4e"
Guess trial solution looks like
Substitute the trial solution into the ODE
AN _ Ame™ =mN (t)
dt

so write

Comparison shows that 13 = — A N(¢) = de




1st order homogeneous ODE

The general solution N(f) = de™*

The particular solution is found by applying boundary conditions

e.g. At t=0 there are 100 nuclei; but at t=20 there were only 50 left

Sowe canwrite N(0)=100=Ade™*® so 100 = A4

The other boundary conditions tell us that N (20) = 50 =100e 2"

So we can write % =e so In(0.5)=-204 so 4=0.035

The particular solution is therefore N (f) = 100709

Bacterial growth

http://www.youtube.com/watch?v=gEwzDydciWc

Bacterial growth

Bacterial growth

Boundary conditions
t=0s N=4

t=4s N=80

What does the general solution look like?

Find the particular solution

Bacterial growth

Boundary conditions
t=0s N=4

t=4s N=80

Trial solution is a powerful
method of solving differential
equations




2nd order homogeneous ODE
: d’x dx
Solving a—+b—+cx=0
dt dt
Step 1: Let the trial solutionbe , _

2
Substitute this back into 4 d’x + bﬁ tex=0

ar* dt
To get the auxiliary equation ;.2 1 pi+c=0

Step 2: Solve the auxiliary equation to get m, and m,

Step 3: General solutionis x = 4™ + Be™

Step 4: The Particular solution is found by applying boundary conditions

2
C x+b£+cx:0
dt

2nd order homogeneous ODE ¢« =

Step 1: Let the trial solution be x= emt Now substitute this back into the

2
it x5

P
=mx and —-=m’e" =m’x

ODE remembering that ﬂ =me 3
dt dt

This is now called the auxiliary equation g% + pm+c =0
Step 2: Solve the auxiliary equation for m, and m,

Step 3: General solutionis x — 4" 4 B™' or x=¢"(A+Bf) ifm=m,
For complex roots M = £if8 solutionis x = 4e'*"P" + Be® P! whichis

same as x =e“'(4e”" + Be ") or x=¢" (Csinft+Dcosfit)=Eé"[cosBt+4)]

Step 4: Particular solution is found now by applying boundary conditions

Step 3 The General solution
1 x=Ae" + Be™  1fm, and m, are real
2 xzemt(A-l—Bl‘) If m, and m, are equal

m=atif}
3 Ifm, and m, are complex . »
x = Ae(aﬂﬂ)t +Be(a ip)t

The solution simplifies  y = e“’(Aeiﬂ’ +Be‘iﬁ’)

x=e"(Csinft+Dcosfit)=E&"[cosBt+¢)]

2nd order homogeneous ODE

Let’s have a go now at the two most
simple 2" order homogeneous ODEs
Unstable equilibrium

& 2

d 2
/ ?x(t) =o"x(?)
pd

] 15
= uristable squilibium

acceleration

d? 2
R ﬁx(f):*wo x(t)

® displacement from squillbeium

Linear harmonic oscillator

2nd order homogeneous ODE
2
Example 3.2: Linear harmonic oscillator with boundary d x(1)
conditions that it has velocity V when time t=0 at x=0 dr*

2
Step 1: Let the trial solution be ). _ ™ So %:mé”':mx and % =m’e™ =m’x
't

+ o™ x(1)=0

Step 2: The auxiliary is then mz = _a)z and sorootsare m =tiw

Step 3: General solution for complex m=a if} is x=€&"(Csinft+Dcospt)
wherea =0 and B=® so x=Csinwt+Dcoswt
Step4: Whenx =0 t=0 so 0=Csinw0+Dcosw0 so 0=0+D
) o dx . -
From general solution we find ; =Cwcoswt—Dwsinwt Conditions state when
t

. Vv
t=0and x = 0, velocity is V, so V' =Cwcosw0—Dwsinw0=Ceo andso C=—
[0

0 V.
Particular solution is therefore X = ;sm(ot +0coswr= ;sm ot

2nd order homogeneous ODE
Example 3.3 Unstable equilibrium, with boundary
conditions that it has velocity 0 at time t =0 and x(0) =L

2
Step 1: Let the trial solution be . — " So éC=mé”'=m)c and d’x =mPe™ =m’x
x=e dt ar

dZ
Wx(t) —a’x(t)=0

Step 2: The auxiliary is then 7,y — s>y andsorootsare 1 =tq

Step 3: General solution for real roots m=+q is x(t) = Ae® + Be™

Step4: Whent=0 x=L so x(0)=Ae”’+Be™™" =L so L=A+B

dx _
From general solution we find ; =Aae” —Bae™ Conditions state when
t

t=0and x = L, velocity is 0, so ?:O:Aae"o—Bae’”O =Aa-Ba so B=(4
t

Particular solution is therefore x(t) = ée"" + £g"" =L cosh(at)
2 2




2nd order homogeneous ODE

Wies // e
Example 3.2 F hY
Linear harmonic oscillator /
/
d2 ) /
o x(0)= oy’ x(1) _ /
dt \ i
A /
LY f
x(?) = A rd
@ L 7
N v
Example 3.3 Legsh{at)

Unstable equilibrium

e —x(t) = o’x(¢)

x(t)= 7e“‘ +£e’“’ = Lcosh(at)
2 2

More examples

. . d
Find general solutions to d—f =4y
X
2
Q_deiy_ =0
dx dx
4V 2% 5,0
dx d

And a particular solution to 34 _, &, +y=0
dx dx
_V
_ DI _g
where y(0)=6 and i

x=0

More examples 1 ans

More examples 2 ans

Find general solutions to ); =4y Find general solutions to d’y s —2y=0
X dx dx
4y & 49 74 24 2
_ 7 = b 1% A 9 T =
O J ok P r:“ll" H I'\']j r2n-1=0°
- Mz =ht JB uge
'-LJ) » -1.:-) = Auix &.]’\ : .’b‘l.?—‘-i =0 Zen
A4 M==-2El4+ E
==L Z
7 A s 4 -ix
o wed \S:‘J“- L}T f\e;li- Re =-z
F.i
L“{'-'LL:--J IL : lj A ”J—? £c{-I_P‘t
More examples 3 ans More examples 4 ans
Find general solutions to dy b +2y=0 Find a
dx  dx particular solution to 5
d? d
1 Y 59y _
A8 243 1940 & CatrT’

0\“1 de Dax r,’-i“f |"-'I?-Z-"' }l=0

M= zf\JLf‘—?
2
™= :‘_:_LI = ]1[‘

(eroal Sof ™0

.D': __De_i Lo (x + r})




Lecture 3 summary ....

d’ d
For equations like this a —Zx +b @ +cx =0
dt dt

Use a trial solution X = emt

Solve the auxiliary equation and — 4™ + B™
write down the general soluton X = A€~ +be

Lecture 4
Ordinary Differential Equations

Purpose of lecture 4:

E Solve the full 2"d order homogeneous ODE

E With reference to damped harmonic oscillators

E Introduce method for solving in-homogeneous ODE

2nd order homogeneous ODE - revision

d"YeréJrcx =0

Solvin
9« dr* dt

Step 1: Let the trial solution be x= e’"t Now substitute this back into the

mt 2 m

d’x )
=mx and —=m’e" =m’x
dt

ODE remembering that % =me

This is now called the auxiliary equation g, + pm+c =0
Step 2: Solve the auxiliary equation for m, and m,

Step 3: General solutionis x — 4™ 4 B™' or x=¢"(A+Bf) if m=m,
For complex roots M = £if8 solutionis x = 4e'*"P" + Be® P! whichis

same as x =e“'(4e”" + Be ") or x=¢" (Csinft+Dcosfit)=Eé"[cosBt+4)]

Step 4: Particular solution is found now by applying boundary conditions

2nd order homogeneous ODE

2
Solve %—4§+4x =0 Boundary conditions x=4, velocity=0 when t=0
t t

Step 1: Trial solutionis y — o so auxiliary equation m>—4m+4=0
Step 2: Solving the auxiliary equation gives m,=m,= 2
Step 3: General solutionis x=e¢"(A+Bf) ifm,=m, giving x=e” (4+B1)

Step 4: Particular solution is found now by applying boundary conditions
Whent=0,x=4 so 4=¢"(4+B0) andso 4=4

since x=¢¥(A4+Bf)= A" + Bte' velocity = %:Me“ +Be +2Bte’

Boundary conditions give (=2 4¢° + B¢” +2B0¢’ =24+B ¢ B=-24=-8

Full solution is therefore x =¢” (4—8¢)

2" order homogeneous ODE
Example 3: Damped harmonic oscillators
. . dx
Effect of damper drag will be a function of ;
t

d2x+2 &
ac

P
+wy;x=0

Rally suspension

Modelling differential equations
http://www.falstad.com/diffeq/

Crosswind landing

2nd order homogeneous ODE

2
Example 3: Linear harmonic oscillator with damping ‘; f+ zy;ﬂJr @;x=0
it it
. ; ; mt dx nt d’x 2 mt )
Step 1: Let the trial solution be x=¢ So Z=me” =mx and F:yn‘g =m’x

Step 2: The auxiliary is then m? +2ym + a)j =0 withroots m=—y+.y’ -]

Step 3: General solution is then....... HANG ON!!!!!

If >« then -« will always be real

What if <o or »=a




2nd order homogeneous ODE

Example 3: Damped harmonic oscillator %4.@?4.%&:0
t? t

Auxiliary is m° +2}/m+g)g =0 rootsare py=—y+.[}7 7

I) Over-damped 7’ > @, gives two real roots m=—y+ N wu’
m, =777V727w§

Overdamped

x=Ae™ + Be™

Amplitude xit)

rrar T 1 Vet
Both m, and m, are negative so x(t) is the sum of two exponential decay
terms and so tends pretty quickly, to zero. The effect of the spring has been
made of secondary importance to the huge damping, e.g. aircraft suspension

2nd order homogeneous ODE

Example 3: Damped harmonic oscillator %4.2;/@4.%2,(:0
t? t

Auxiliary is m° +2}/m+g)g =0 rootsare py=—y+.[}7 — 7

i) critically damped 7> = @; gives asingle root m, =m,=—y

=1
]
— L]
xX=e ﬂ(A + Bt) 3 Eritically damped
£
g
Here the damping has been red d a little so the spring can act to change

the displacement quicker. However the damping is still high enough that
the displacement does not pass through the equilibrium position, e.g. car
suspension.

2nd order homogeneous ODE

Example 3: Damped harmonic oscillator %4.2;/?4.%2,(:0
t? t

Auxiliary is m” +2ym + @] =0 roots are p, =—7im

III) Under-damped 72 < wg This will yield complex solutions due to
presence of square root of a negative number.

Let Q=) —y® s0 [,2 42— =tiq thus m, =—y —iQ
We do this so that Q is real

As before general solution with complex
roots can be written as

x=Ee”[cosQ%+¢)]

The solution is the product of a sinusoidal
term and an exponential decay term — so
represents sinusoidal oscillations of
decreasing amplitude. E.g. bed springs.

m, =—y +iQ

Ampatude 1
i

Underdamped

2nd order homogeneous ODE

Example 3: Damped harmonic oscillator %4.2;/?4.%2,(:0
t* t

Auxiliary is m° +2}/m+g)g =0 rootsare py=—y+.[}? — 7

4 3. Owverdamped
2 2
: 7> o) V=0,

Critically damped

g 4
® e,
3 1 / R Q factor
EL ) 1’ 1 2 14 1 'E- I‘m; ,
< | - . Q = ),
2y
| /;"Underdamped P <}

A high Q factor means the oscillations will die more slowly

24 order inhomogenous ODE

Introduction

Hopefully these equations from PHY102 Waves & Quanta are familiar to you....
Forced oscillation without damping:

2
m %x(r) +kx(t)=H,cosw,t

Forced Oscillation with damping:
2
md—erb@Hoc:Ho cos@,t
dt dt

e.g. Mechanical oscillators, LCR circuits, optics and lasers, nuclear physics, ...

Inhomogeneous ordinary differential equations
d’x  dx .
—+qg—+rx=f(t
Ll bratol J®
Step 1: Find the general solution to the related homogeneous equation and call
it the complementary solution X, )

Step 2: Find the particular solution Xp(l) of the equation by substituting an
appropriate trial solution into the full original inhomogeneous ODE.
e.g. If f(t)=t try xp(t) =at? + bt +c

If f(t)=5e3 try X,(t) = ae’t

If f(t) =5ewt try X(t) = aeiwt

If f(t) =sin2t try X,(t) = a(cos2t) + b(sin2t)

If f(t) =cos ot try X,(t) =Re[ae!] see later for explanation

If ft)=sinwt try X,(t) =Im[ae™]

If your trial solution has the correct form, substituting it into the differential
equation will yield the values of the constants a, b, c, etc.

Step 3: The complete general solution is then x(¢) = x,(t) +x,(f) .

Step 4: Apply boundary conditions to find the values of the constants




d’x  dx
— + t
e f(®

What is the form of the particular solution for the
following functions:

f(t)y=3
f(¢t)=3sin4t¢
f(t)=3e"
f(t)=F coswt

Particular solutions:
f(t)=3t> x,(t)=at’ +bt+c
f(t)=3sin4t x,(t)=asindt+bcosdt

f(t)=3e" x.(t)=ae"

f(t)=Fcosawt x.(t)=acoswt+bsinwt

Inhomogeneous ODEs

Example 4: Undamped driven oscillator 7,((,) +2x(f) = F cos ot
Atrestwhent=0and x=L dr*

Step 1: The corresponding homogeneous general equation is the LHO

that we solved in last lecture, therefore ¥c(7) = 408 @7+ Bsin ot

Step 2: For /" cOS ! we should use trial solution x,(¢) = a cos wf +bsin wt
Putting this into FULL ODE gives:-

(a)(f —w”)acoswt + (w@ —@*)bsin ot = F cos ot
Comparing terms we can say that b =0 and F

=3 2
p (@ ")
So x,(t)=———cos ot
Wy —@

Step 3: So full solution is

. F
x(t) = Acos w,t + Bsin ot + ———-cosat
@y — 0"

Inhomogeneous ordinary differential equations

Example 4: Undamped driven oscillator 4°

Atrestwhent=0and x=L ar 2= "0+ alx()=Feosar

Step 4: Apply boundary conditions to find the values of the constants A and B

. . F
for the full solution  x(1) = Acos @, ¢ + Bsin o,t + ——— cos wt
w; -

F
5C0s w0 =A+———

. F
Whent=0,x=L so L(0)=Acosm,0+Bsinw,0+—
w; — W, -~

Inhomogeneous ordinary differential equations

Example 4: Undamped driven oscillator 4

Atrestwhent=0and x=L X(I)H’J“X(') dcesr

Step 4: Apply boundary conditions to find the values of the constant B

dx
At rest means velocity ; =0 atx=Landt=0. So differentiate full solution
t

dx(t) —Aw, sin w,t + Bo, cos ot Fo sin ot

dt o o o o o -0 and as velocity =0 whent =0
dx(t . F .

alU) =—Aw,sin 0,0+ Bw, cos 0,0 —— @ 5sinw0=Bw,=0 so B =

dt wy — @

5 COS wt

Full solution is therefore x(t)=|L-
@ @y

F
5 |cos @yt +
-

Undamped driven oscillator with SHM driving force

. . F A F=Heoswi
This can also be written as x(f) = Lcosw,t +m(coswt —Cost) | g
’ /
A few comments
¥ Note that the solution is clearly not valid for » = @, AT

x(0)
E The ratio T is sometimes called the response of the

oscillator. It is a function of @. It is positive for ® < ®,, negative e
for ® > @, . This means that at low frequency the oscillator
follows the driving force but at high frequencies it is always
going in the ‘wrong’ direction.

3
a2

-

—_— o 0 driving trequency

Displacemert x([t)
MY F  response of oscillator

Ee




Lecture 5 — Inhomogeneous ODE

2

X dx
+qg—+rx=jf(
p 9, f(@)

dt?

Inhomogeneous ordinary differential equations
d’x

W+q%+rx:f(t)

Step 1: Find the general solution to the related homogeneous equation and call

p

it the complementary solution X, )

Step 2: Find the particular solution Xp(l) of the equation by substituting an
appropriate trial solution into the full original inhomogeneous ODE.
e.g. If f(t)=t try xp() =at? +bt+c
If f(t)=5e3 try X,(t) = ae’t
If f(t) =5ewt try Xp(t) = aeiwt
If f(t) =sin2t try X,(t) = a(cos2t) + b(sin2t)
If f(t) =cos ot try X,(t) =Re[ae!] see later for explanation
If f(t)=sinwt try X,(t) =Im[ae™]
If your trial solution has the correct form, substituting it into the differential
equation will yield the values of the constants a, b, c, etc.
Step 3: The complete general solution is then x(¢) = x,(t) +x,(¢) .

Step 4: Apply boundary conditions to find the values of the constants

Undamped driven oscillator with SHM driving force

F A F=Heoswi
This can also be written as x(¢) = Lcos @t +—————(coswt —cos @,t)

(@) —@7) -F

A few comments
¥ Note that the solution is clearly not valid for @ = @, (T

x(1)
E Th io ——
e ratio F
oscillator. It is a function of @. It is positive for ® < ®, negative |~
for ® > @, . This means that at low frequency the oscillator
follows the driving force but at high frequencies it is always
going in the ‘wrong’ direction.

is sometimes called the response of the

-

— o 0 driving frequency

Displacemert x([t)

AW F  respense of esclllater

Ee

Undamped driven oscillator with SHM driving force

F
X(t) = L cos @yt +——5————(Cos &t — cos w,t)

(@) —@”)
[ |
©
2
[ . 1
e amplitude = 5
I * 1-|—

roeancy resforse of el harmoric osdlkiar a)[)
o C :
B e : 1
= B - response = B
= 7 - w
a . 1-| 2
% B = (a)n ]

Example of inhomogeneous ODE

2
Solve d—tf+ 4%4—3): = 2sin(4r)

Find complementary solution of d’x  dx
SO S 4T43x=0
FIRST related homogeneous equation dr? * dt o

Step 1: With trial solution =" auxiliaryis m’+4m+3=0

m==3
Step 2: Soln of auxiliary to complementary homo ODE mi -1

Step 3: Complementary solution is x_ ()= de™ + Be

d’x
dr’

Find the particular solution +4%+3x:2sin(4t)

Step 4: Use the trial solution x (¢)=acos4z+bsin4s and substitute
it in the FULL differential equation

P hasindt+ 4boosds d’x
dt dt”

=—16acos4t—16bsin 4t

so
(—16acos4t —16bsin4t) +4(—4asindt +4bcos4t) +3(acosdt +bsin4t) = 2sin4t

Collecting sine and cosine terms

16bcosdt —13acosdt —13bsindt —16asindt = 2sin 4t
(16b—13a)cos4t +(—13b—16a)sin4t = 2sin4¢




Example of inhomogeneous ODE
2
d—f+4ﬁ+3x = 2sin(4t)
di’dr
Having collected terms ...

(16b—13a)cos4t +(—13b—16a)sin4t = 2sin4t

We compare sides to give ...

(16b—13a)=0 and (—13b—16a)=2

Solving for @ and b 32 26

_2Z ==
425 425

Step 5: General solution is

32 26
x(t)=x,(t)+x, (t)= Ae™ + Be"' ———cos4t ———sin 4t
) =x.(0)+x,(2) 455 15

Driven damped harmonic
motion

4x4 with no shock absorbers

Bose suspension

Finding a partial solution to inhomogeneous ODE
using complex form

Sometimes it’s easier to use complex numbers rather than messy algebra

We can write Fe'” = F cos ot +iF sin ot

and we can also say Re{Fe"“'}: Fcosat

and Im{Fe“‘” }: Fsin ot

Finding a partial solution to inhomogeneous ODE
using complex form

2
Let’s look again at example 4 of lecture 4 notes sz(t)mgx(t) = F cosot
dt

. d’ > or
But let's choose to solve the equation FX(t)+w‘;X(t) =Fe

If we solve for X(#) and take only the real coefficient then this will be a

solution for x() since Re{Fei“" } = Fcosat

Finding a particular solution to inhomogeneous ODE
using complex form

%x(t) +mpx(t) = F cosot
dz 2 iot
WX(O +aw, X(1)=Fe

Trial particular solution
2

Xp(l)=Aemx pr:Aia)eiux pr=7szewz
dt dr’*

Substituting gives (%+w§)Ae"’" = (-0 + o} )Ae™ = Fe'

A=
0 A w0
Fcoswt

¢ and %,0=RelX, )=
0

F
ince X,(0=——
Therefore since X, (1) @)

Example

d*x(t)
ar’

—4x(t)=5sin 8¢

1. Determine the complementary solution
2.Select a trail form of a particular solution

3. Substitute the trial in the ODE to determine the
unknown coefficients in the particular solution

4. Write down the complete general solution

Left side of class : use sine + cosine, right side of class: use complex method




Find full solution of inhomoODE extra example below
d*x(1)
dr’
Step1 and 2: For trial of ,— " auxiliaryis m>-4=0 roots " =2,m,=-2
Step 3: Complementary solution is x, () = Ae* + Be™

—4x(t)=5sin8¢

Step 4: Use the trial solution X,(f) =acos8¢+bsin8  and substitute
itin FULL expression. % =—-8asin8t+8bcos 8¢ % =—64acos8t—64bsin 8¢

so (—64acos8t—64bsin8t)—4(acos8t+bsin8t)=Ssin8¢
cancelling —68acos87—68bsin8¢ =5sin8¢
Comparing sides gives.... —68)=5 and —68a=0

. . 5 5 .
Solving gives g=0( d b=—— soO )=——5sin8¢
a=0 an s 0 W=7

2t

5 .
Step 5: General solution is X(f) =x,(¢)+x,(f) = Ae” + Be —6—85111 8t

Find partial solution to example of inhomoODE using complex form

L 2
Complementary solutionis  d”°x(¢) 4x(f) = Ssin8¢ Is it faster this way?
unchangedso. . ... dr?

2
Step 4: Imagine equation we want to solve is of the form ”fiX —4X =5¢"

%

Imise™ |=5sin8: 5¢™ =5 cos8t + Sisin8t

d’X

7 —644e™

=i8Awe™

i X
So we pick a trial solution X ,(¢) = 4e 8 %

Substituting into FULL equation gives — 64 4¢™* —4 4e™® = —68Ae™" = 5¢™

5 5
. . A = X 1) =—— 8it
Cancelling gives P and X, () e

Solution is x, ()= Im{Xﬂ (t)}: lm{—%ex”} = Im{—%(cos& +isin 8t)} = —%sin 8t

ODE - summary and tips

* Learn the steps and follow them
» Write neatly
» Don’t work too many algebraic steps at once

* Practice many questions




