Topic 2
Complex numbers

Purpose of lecture

E Remind you of Cartesian and polar forms
E Conversion between them

E Powers and roots of complex numbers

E Integration by parts

The Argand diagram
z=a+ib

Im
sa+ib

Complex conjugate
z¥=a—1ib

Im
~a+ib

Re

«a-ib

Why complex conjugate?

f z=q+1b Evaluate
zz ¥

sarib

How do we find |z| 7 - | =

Why complex conjugate?

What is |z|?
What works - z2 or zz*?

z> =(a+ib)’ =a”> - b +2iab

zz*=(a+ib)(a—ib)=a’ + b’

Real answers from
imaginary numbers

| z|=Vzz*®
|z|=Va® +b’




Example 2.1 Example 2.1 (ans)

3+ 4l . . .
3+4i = (3 +4i)(3—4i)
3+4i|=v9+16 =5

Polar form Why both forms?
a=rcos¢ z,+z, =(a, +ib))+(a, +ib,)
s b=rsing z,+2,=(a, +a,)+i(b +b,)
.'¢ | b

Re ¢ =tan"' (—j
caib a z,—z, =(a, +ib))—(a, +ib,)
z,—z,=(a,—a,)+i(b,—b,)

r=va’+b’

Why both forms? Why both forms?
Multiplication? (4+,)
— l 2
Division? 212, = hie

i _ iei(¢1_¢2)

z, 5




Example 2.2

1+1
1+1.73i

tan”'(1.73) =7 /3
tan"'(1) =7/ 4
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Example 2.2 (ans)

< J?e‘mr‘1
-
L Z| i J-?Elnfﬁ _‘Eef(n,_'_r/]]
Zl zelﬂfg 2
r=J -2 Thg'_,_ _ J_i‘ e.'u‘“,ql - 0707 Tz

Powers and roots

Zl/n — rl/nel(¢+27zp)/n

Multiple roots

J1
V1
{1

Multiple roots

Multiple roots

M _ 11/n

1/n
zZ




n roots

Roots are easy z!'" = p!/"!(#+2m)/n

Step 1: how many roots will there be?
Step 2: how many values of p?

Step 3: work them out one at a time...

If 7 = 981'71/3 find Zl/2

Step 1: write down z in polars with the 2znp bit added on to
the argument. z = 9el (+/3 + 2p)

Step 2 say how many values of p you'll need and write out
the rooted expression here n = 2 so I'll need 2 values of p; p
=0andp=1 z%=19 ei(w3+2m)2

Step 3: Work it out for each value of p: z% = 3¢l (#/3)/2 =
3ei (6) for p =0, 2% = 3ei (W3 +202 = 3gi(W6+m) forp =1

Remember that e 4 = (cos¢ +ising) so e 7 =-1

Example 2.4 (Q)

If Z:27i7r/2 find 21/3

Example 2.4 (A)
Sipt ¢ 22 77701 )
Clep2 = for A3 f=0,1,2

p0 2% Ze‘m};;: 30!
bl 24 3e(Tns g J5)

Stpd o fer
f Yy (a4 63 _ 2,3 (T4)
r‘_,._ f-2 27%- 3¢ =l
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Complex trig functions

Remember
e™ = cos kx +isin kx

e™™ = cos kx —isin kx




Complex trig functions

Remember

ke — cos kx +isin kx

W — coskx —isin kx

cos kx = (e +e’ )
sinkx:2—,.(e —e_’kx)

Complex differentiation

Remember that i is just a number!

d(eik)c)

= jke™
dx

Much easier than sine’s and cosine’s

Integration by parts - Remember the chain rule

d(f(x)g(x)) d(g(X)) d(f( )
o =/f(x) g(x)

f@eg® = fn? (g<x>> ave [ d(f(x))

g(x)dx
Jr@HED - rg00- [ g )d(f )

v=g(x) u=f(x)
dv_d(g(x)) du_ d(f(x))
dx dx dx

N ZICE I d(f(x»
dx

.[ udv = uv—J.vdu

Integration by parts - example

judv = uv—J‘vdu

jxcos xdx
u=x = : 1
dv=cosxdx [ oo ae — vsin x— jsm xdx
du
2 V:Jcosxdx
dx

du ey V=S X XCOs xdx = xsinx+cosx+c
u=dax




