Topic 4 — Fourier Series
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Waves — with repeating functions

Signal generator Classical guitar

Each instrument is playing a single note middle C (261Hz)



f =261Hz

1°t harmonic

2"-harmonic

3% harmonic f=783Hz

4" harmonic_

=522z

SR Z

A single note will contain different
fractions of each harmonic

¥y, = B, sin ot

¥y, =B, sin w,t

The summed
output repeats

PREY: RS i¥oxd With the period of

vy, =B,sinw,t

the 1st harmonic

— . M= B smwt+ B, smayt+...= ZBn SN,
Summed harmonics

n=1



—

Fourier claimed that any repeating
L pattern could be represented by a

summed series of cosine and sine terms

an Sines 1 00
0 4 .
()= > a,+ ) a,coswt+b smmwt
n=1
http://www.univie.ac.at/future.media/moe/qgale
bn Cosines rie/fourier/fourier.html

http://www.falstad.com/fourier/




b n | Cosines

®

Fourier claimed that any repeating
pattern could be represented by a
summed series of cosine and sine terms

1 = .
()= an + Z a coswt+b sinwt

n=1

http://www.univie.ac.at/future.media/moe/qgale
rie/fourier/fourier.html

http://www.falstad.com/fourier/




1 = :
Fourier said f()= St Y a,cosw,t+b,sinw,t

n=1

The pattern will repeat with period of the1st harmonic frequency

i _ 1 2nr
® = m, SO since o =now and o=2xf and T =—, then o, = -

where T is the period of the repeating function



Or if the pattern repeats with period L where L is a distance

we can write [JAEY) :%ao +Zan o 27”lL7ZX +bn i 2nL;zx

Here periodis L =4




For these

cases L is
taken to be
27 to simplify
expressions




Need to find ¢,, a, and b,

... some background work required ....



Background | - Integrating over 2w

A
/ B8] 27
T cosx dx = O smx dx =0

Sin




Il
-

n

fi’

N=

Integrating over 2znn

Cosx dx=0 for all n

27
0
27
0

sinx dx=0 for all n




2

COoS X

cos 2x

Ccos 3X

Integrating over 2x

2r
J.cosnx dx=0 for all n

27

jsinnx dx=0 for all n

0




Background Il - useful integrals
1 1

1 1
coszxzacos2x+§ COSACOSBZECOS(A—B)-I—ECOS(A-I—B)

2
1 jcosz nx dx
0

2
2 jcos nx cos mx dx
. n#m

27 1 1 1 x|
= j(cosan+j dx=[sin2nx+} = Jir
"\ 2 2 4n 2,

27

= f; {cos(n—m)x}dx + _([% {cos(n+m)x} dx =0




27

2r
jsinnx dx=0 for all n jcosnx dx=0 for all n
0

0

27 27

J‘cosnxcosmx dx = jsinnxsinmx dx=0 for all m+#n
0 0

2
J‘sin nxcosmx dx =0 for all m and n EECAENIEIAL PN ERCTT
0

27 27

jsinz nx dx = jcosz nx dx=r for all n




Finding coefficients of the Fourier Series...a,

Remember how the Fourier series can be written like this for a period L

1

f(x)= an + Zan cos nx + b, sin nx

n=1




Finding coefficients of the Fourier Series...a,
1

f(x)= 5 a, + Z a, cosnx + b, sin nx QEMEGCIeI 1R eL=T g olo 2s

n=1

Take this equation and integrate both sides over a period

Jjﬂ f(x)dx = %ao Kﬁ dx + i [an .[027[ cosnxdx+b, Lzﬁ sin nx dx}

n=l1

Clearly on the RHS the only non-zero term is the a, term

2r 1 2z 1
'[O f(x)dx = anjo dx = 5a0(27r —0)=m,




Finding coefficients of the Fourier Series...a,
1

f(x)= an + Zan cosnx + b, sinnx

n=l1

This time multiply both sides by cos(x) and integrate over a period

27

2z 1 2r 2 2z
J:) f(x)cosxdx = anj cos xdx + Z[an JO cosnxcosxdx+b,

0

SIN 71X COS X dx}

0

n=l1



Finding coefficients of the Fourier Series...a,

27

2
; ; SIN 71X COS X dx}

o (x)cosxdlea o COS xdx + a ”cosnxcosxdx+b
0 2 0 n n

0

n=l1

On RHS, only the a, term survives as it is only term where n=1 (Orthogonality)

2 2 2 7
J;) f(x)cosxdx=a1j0 cosxcosxdx:aljo cos” xdx=a,rw

) 1 2r
Hence we find [EES —jo f(x)cos xdx
T



Finding coefficients of the Fourier Series...a,

To find all coefficients a, multiply both sides of the Fourier series
by cos(mx), then integrate over a period:

2z 1

2 s 2 2w
. f(x)cosmxdx = 5 a, _[0 cos mxdx + Z[an jo cosnxcosmxdx+b, _[0 sin nx cos mx dx
1

n=

On the RHS, only the m = n term survives the integration

2 2 7 1 e27
. f(x)cosmxdx=a, IO cos’mxdx=a rla, = p IO f(x)cosmxd



Coefficients of the Fourier Series...

In a similar way, multiplying both sides of the Fourier series by sin(mx),
then integrating over a period we get:

| (2n .
b, =—[" f(x)sin mxdx
T 0




Coefficients of the Fourier Series

The Fourier series can be 1 i _
=—a,+ E +b
written with period 2 as AC)) 5 %ot 2, d, cosnx+0, Sinnx

n=1

The Fourier series coefficients can be found by:-

a, = ljozﬂ S(x)dx a = lj;” f(x)cosnxdx b, = 1 Jjﬂ f(x)sin nx dx
T T 7T




Coefficients of the Fourier Series

The Fourier series can be
written with period L as

The Fourier series coefficients can be found by:-

T




Finding the coefficients of a Fourier Series
Step 1

Write down the function f(x) in terms of x. b D
What is the period? o —
Step 2. 2 L
=— d.
Use equation to find a,? N3 IO S o)

Step 3. p
Use equation to find a,?

Step 4.
Use equation to find bn?




Example 4.1 - page 35
1. The function f(x)? What's the period?

1 O<x<nrx . )
Period is 27T

f(X)={

0 7<x<2x

2. Use equation to find a,?

1 2r 1 V4 1 2r 1 s
a, = J;) f(x)dx=;_[0 1dx+;L Odx =—[x]; =1

T T

3. Use equation to find a,?

a" :lj2ﬁf(x)cosnxdx:l‘[”(l)cosnxdx+l‘[2”(0)cosnxdx:lJ‘” Cosnxdx:—|:81nnxi| =0
790 70 7TF 7 -

T n




4. Use equation to find b,?

1 (2 . 1 ¢r . 1 (2r
b =— j f(x)sinnxdx =— j (1) sin nx dx + — j (0)sin nx dx
7T *0 7T *0 T o7

T

bn :l‘..” Sinn)(:dx:_—1|:
7Z' O

CcosSnx
T

n 0

n n n n

—_1(cosn7z cost ltcosnﬂ_lj —1(( )”—1)

7in



Step 5. Write out values of b, forn=1, 2, 3,4, 5, ....




Step 5. Write out values of b, forn=1, 2, 3,4, 5, ....

1 = 2 2
f(X)=—=a,+Y a,cos == +b, sin =
n=1

2 L L

f(x) :l+£sinx+isin3x+isin5x+...
2 7 3z S




So what does the Fourier series look like if
we only use first few terms?




Lecture 7 — Fourier Series

1 More examples of Fourier series
1 Describing pulses with Fourier series



Example 4.1 - page 35
1. The function f(x)? What's the period?

1 O<x<nrx . )
Period is 27T

f(X)={

0 7<x<2x

2. Use equation to find a,?

1 2r 1 V4 1 2r 1 s
a, = J;) f(x)dx=;_[0 1dx+;L Odx =—[x]; =1

T T

3. Use equation to find a,?

a" :lj2ﬁf(x)cosnxdx:l‘[”(l)cosnxdx+l‘[2”(0)cosnxdx:lJ‘” Cosnxdx:—|:81nnxi| =0
790 70 7TF 7 -

T n




4. Use equation to find b,?

1 (2 . 1 ¢r . 1 (2r
b =— j f(x)sinnxdx =— j (1) sin nx dx + — j (0)sin nx dx
7T *0 7T *0 T o7

T

bn :l‘..” Sinn)(:dx:_—1|:
7Z' O

CcosSnx
T

n 0

n n n n

—_1(cosn7z cost ltcosnﬂ_lj —1(( )”—1)

7in



Step 5. Write out values of b, forn=1, 2, 3,4, 5, ....




Step 5. Write out values of b, forn=1, 2, 3,4, 5, ....

1 = 2 2
f(X)=—=a,+Y a,cos == +b, sin =
n=1

2 L L

f(x) :l+£sinx+isin3x+isin5x+...
2 7 3z S




Fourier Series - QUIZ

1. What is JESES) whenn=37? 1+(_1)3 -0

2. Whatis |EW@M whenn=527 | (_1)52 -9

3.Whatis JEN(PE:3] whenn=17?

4. Whatis [ERCEPEA] when n =17 2
5.What is |RECEPEAY when n =52 ?
CRULETREN | + (cos 7)) IRTACUIER VAN | + (cos 1) =1+ (-1)=0
AV LERE |+ (cos ) IRVLELER Sl | + (cos4rz) =1+ (1) =2




Fourier Series - QUIZ

8. What is

10

I= 1j04x dx=[2x>] =200-200=0

-10 -10




Fourier Series - QUIZ

9. What is

10

I= 1jo(2x+5) dx=[x>+5x] =100

-10 -10




Finding coefficients of the Fourier Series

Find Fourier series to represent this repeat pattern. ‘ ‘

I 0 T 2T

Steps to calculate coefficients of Fourier series

1. Write down the function f(x) in terms of x. What is period?

X O<x<rm
(e T®yd Periodis 271

f(X)={



Finding coefficients of the Fourier Series

) X O<x<rm
x:

0 7#<x<2rx
o7t

Steps to calculate coefficients of Fourier series

2. Use equation to find a,?

1

T

2 (o ¢ 1 o x* [
a, =§L f(x)dx:;_[o xdx+;L de:—{zl



Finding coefficients of the Fourier Series

x O<x<rx ;
|i"‘| f(x)={0 I First 5 terms (n=1 to 5)
o .t It

2. Use equation to find a,? 3. Use equation to find b,,?

1 cL
a, =— I f(x)cosnxdx
7 Y0

Left side - find coefficients a Right side - find coefficients b,




1 2r
a, = —j f(x)cosnxdx
T 0

a, :lr” f(x)cosnxdx:lr xcosnxdx+lj2” Ocosnxdx
7T 0 7T 0 JT 7

Integrate by parts Iudv =uy — j vdu

dv = cos nxdx

1

V= Jcos nxdx = —sin nx
n




dv = cos nxdx

1 .
V= Jcos nxdx = —sin nx
n

Ll

1 . 1
—SINA7T+——5COSNT |—
n m







1 (2 .
b =— j £(x)sin nx dx
T 0

b, =ljzﬂ f(x)sinnxdler xsinnxdx+ljzﬂ Osinnxdx
7T *9 7T *9 T 7

Integrate by parts Iudv =uv — j vdu

dv = sin nxdx

1

V= Jsinnxdx = ——COSHX
n



dv = sin nxdx

. 1
V= Jsmnxdx = ——COSHX
n

X |
b,=|——cosnx | +|—5sinnx
7 o L7 0

1 |
b,=| ——cosnz+—smnzx
n m




N
R
=
=
N

2

o
n

1

——CcoSnrxw+

bn =




2 2 2 : : : : :
(x)= i ——cosx——cos3x——cosSx+smx—%sm2x+%sm3x—ism4x+%sm5x+....

T Or 257




(x) =z—gcoslx—icos3x—i0055x+lsinlx—lsin2x+§sin3x—%sin4x+%sin5x+.m

Check our Fourier series
using
Fourier_checker.xls

/]

@
L=
=
=]
[=%
E
(1]
=
=
(=21
-

degrees



Fourier Series of even and odd repeating functions

A f(x)= f(=x)

) \/J\\//\\//\Odg

M J(x)=—f(=x)




Only sine terms required to define an odd function

Only cosine terms required to define an even function
Only an even function can have an offset.




Fourier Series applied to pulses

=0 forx<0
flx)=4#0 foro<x<d

=0 forx>d

f Laser light pulse
/\ tme  [nitial displacement of a guitar string

Or space
\/ Electronic wavefunction of a molecule



I

becomes == e (e

\ J
Y
@ '

&

This approach is fine but it leads to a lot of work in the integration stage.

but only look between 0 and d




pcas e ol ey el R
Cmmar T Greag) e ¢
Odd function (only sine terms)

Tt W i Nl W . Y e
404

Even function (only cosine terms)

What is period of the repeating pattern now?



Half-range sine series — where L=2d

il ™

TR e i

We saw earlier that for a function with period L the Fourier series is:-

In the half range case we have a function of period 2d which is odd and so

contains only sine terms



Half-range sine series — where L=2d

In the half range case we have a function of period 2d which is odd and so
contains only sine terms

—J f(x)sm—dx

The series is valid only between x=0and x=d

[



Half-range sine series

B

R

f(x)=0DD
sin x = ODD

ODD xODD = EVEN

j_dd EVEN =2 jod EVEN < j f(x) sm—dx



Half-range cosine series

e W e WOl T e, WO, W N, P
4 0 - d

For a function with period L the Fourier series is:-

f(x)= %ao + Zan coS anﬂx + b, sin anﬂx Where
n=1

2n7zx
—j f(x)cos -

We have a function of period 2d but this time it is even and so contains only
cosine terms



Half-range cosine series
i, W i RN T e, SRR, W LN

We have a function of period 2d but this time it is even and so contains only

cosine terms
f(x)=EVEN
cosx = EVEN

j_dd EVEN =2 jod EVEN

j f(x)COS—dx ——jod f(x)cos%dx



The Fourier series for a pulse such as “

can be written as either a half range sine or cosine series. However the
series is only valid between 0 and d

Half range
sine series

d j £(x) sm—dx

Half range
cosine series

2 d ntx
a,== jo f(x)cos == dx




Find Half Range Sine Series which represents

the displacement f(x), between x = 0 and 6, of
the pulse shown to the right

_I f(x)sm—dx_—j xsin 2 dx Integrate by parts _[udv = uv—fvdu



__[ S (x) Sln—dx = %Jj xsin%dx Integrate by parts

. nnx n o 6 nmx
YoMl s0 set u=x and smn?dx s1anx———cos— and du =dx






Find Half Range Sine Series which represents
the displacement f(x), between x = 0 and 6, of
the pulse shown to the right

Half range

sine series Jx)= Zb”sm7 e |, _I (X)Sln—dx

n=1

12 . > 6 . > 4 . =~ 3 . 2mx 12 . Sm

f(x)=—sin———sin—+—sin———sin—+—sin—+
T 6 =« T 2 3 Srx



12 . @ 6 . @ 4 . m» 3 . 2mx 12 . Smx
(x)=—siIn———sin—+—sin———sin——+—sin—+

Y/4

Check our Fourier series

Gk = % a, + S a, Cos nx + b, sin nx i us I n g
Fourier _checker.xls

e n=l1

Fourier series (5 terms only for sine and cosine)

[
- -
=
=
CL.
£ (
@
©
-
o -
=




Fourier Series applied
to pulses

Why is this useful?

In Quantum you have seen
that there are specific
solutions to the wave

equation within a potential
well subject to the given
boundary conditions.

Anharmonic osscilator

repeat period

P (x) = i ¥ (x)= i B sin %

n=l1 n=l1



Lecture 7 — Summary

1 Practice questions — online at
http://www.hep.shef.ac.uk/phy226/unit1/phy226T1to4.htm

# Normal series
1 Even and odd functions
1 Pulses



Lecture 8 — Summary

1 Practice questions — online at
http://www.hep.shef.ac.uk/phy226/unit1/phy226T1to4.htm

1 Complex Fourier series
1 Parseval’s theorum
1 Revision & Practice



Lecture 8 — Fourier




Complex Fourier Series

In many areas of physics, especially Quantum mechanics, it is more
convenient to consider waves written in their complex form

2nmx 2N 1

1 .. . ) ) ) .
COS =cosnx=—(e™ +e™™) sin =sinnx =— (™ —e ™)
L 2 L 2i

The complex form of the Fourier series can be derived by assuming a

solution of the form FAEIE che"’“’ and then multiplying both sides by Pk

n=—o

and integrating over a period



Complex Fourier Series

The complex form of the Fourier series can be derived by assuming a

solution of the form FEGIE cheinx

n=—o

and then multiplying both sides by P

and integrating over a period:

&z —imx S 2z inx _—imx S 2z i(n—m)x
j f(x)e " dx = E c, IO e"e"dx = E c, IO e dx
0

n=—0o0 n=—0o0




Complex Fourier Series

o0 o0

27 —imx 27 inx _—imx
j f(x)e dx=Z ”.[o e e a’x=ch
0

n=—0 n=—0a0

2z i(n—m)x
jo e dx

27 27

J‘OZE e’ M dx = j cos(n —m)xdx +1i j sin(n — m)xdx
0

1 2z —inx
For integral vanishes. For n=m integral = 21t. So [ gjlo f(x)e ™ dx



For a period of 21t the complex Fourier series is

1
e 7 (e ™ dx

27z

The more general expression with period L is

where




Example 4.5
Find the complex Fourier series for f{x) = x in the range -2 < x < 2 if the
repeat period is 4.

— Jnx

1 2
7bd and period is 4, so we write [l ZJ‘ xe > dx

=2 minx

=]l 1e

—7nx

Integration by parts IudVZuv—Jvdu u=x and dv=e * dx




=2 minx

1 2
J7bd and period is 4, so we write [l ZJ‘ xe > dx

=], fe

—minx

u=x and dv=e ? dx




We want to find actual values for C, so it would be helpful to convert expression
for C into sine and cosine terms using the standard expressions:-

C zﬁcosnﬂ :ﬁ

n




Parseval’s Theorem applied to Fourier Series

Wave power
versus time ¢
at coordinate x = 0

NB, for all MECHANICAL waves, P_ . o« A%w?

The energy in a
vibrating string
or an electrical
signal is
proportional to
the square of
the amplitude
of the wave



Parseval’s Theorem applied to Fourier Series

Consider again the standard Fourier series with a period taken for

simplicity as 21 .... QIR %ao + a, cosnx+b, sin nx

n=1

Square both sides then integrate over a period:

© o 2
J~0277[ r (x)]z dy — _[02” {%ao +Zan cosnx+2b” sin nx} dx

n=1 n=1



2
’ f(x) zdx = i lao + a, cosnx + b” smnx | dx
0 0 2

n=1 n=1

The RHS will give both squared terms and cross term.
When we integrate, all the cross terms will vanish.

All the squares of the cosines and sines integrate to give 1 (half the period).

j [(x)]dx 7z—+7z2a +b°]

n=1

Parseval’'s theorem says the total energy in a vibrating system
is equal to the sum of the energies in the individual modes.



Practice and revision

Try online questions 2 & 7



