1st problem class — next week

Also remember the online problems
http://www.hep.shef.ac.uk/phy226



Topic 3

Ordinary Differential equations

Purpose of lecture 3:
1 Solve 15t order ODE
1 Solve 2" order homogeneous ODE



Defining terms |

1st order dx
means the highest differential term is ?
{

2nd order

2
means the highest differential term is d’x

dt’

Ordinary
means solutions are functions of one variable

Homogeneous P
means that f{z) = () [y

dt’ dt




Identify the ordinary egn’s

dx
L — — 4
2
3
Ordinary

means solutions are functions of one variable



Identify the homogenous eqn’s

dx

L 4=
dt

2

3

Homogeneous

d*x dx
+b—+cx = f(t
dt’ dt J®

means that f1) =0 [



Defining terms li

The General solution is the broadest most long-
winded version of the solution

The Particular solution is the result of applying
boundary conditions to the general solution

Today we solve 1st order and 2"d order
homogeneous ordinary differential equations...



1st order homogeneous ODE

e.g. radioactive decay

1st method:
Separation of variables

gives

de

> —/de




1st order homogeneous ODE

e.g. radioactive decay

2"d method: Trial solution

. mt
Guess trial solution looks like N(t) o Ae

Substitute the trial solution into the ODE

SO write

Comparison shows that N(t)= Ae™




1st order homogeneous ODE

The general solution IO GV AE

The particular solution is found by applying boundary conditions

e.g. At t=0 there are 100 nuclei; but at t=20 there were only 50 left

So we can write N(O) =100 = Ae‘w SO

UGG IR GELAO LI ERCNTERGETR V (20) = 50 = 10024

S0

So we can write lOO e B Mn(0.5) = 201
The particular solution is therefore YUK 1009




Bacterial growth
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r=0s tr=4s

http://www.youtube.com/watch?v=7klZ7PTRgVQ&feature=related



Bacterial growth




Bacterial growth

Boundary conditions
t=0s N=4

t=4s N=80

What does the general solution look like?

Find the particular solution



Bacterial growth

Boundary conditions
t=0s N=4

t=4s N=80




Bacterial growth

Boundary conditions
t=0s N=4

t=4s N=80

5 thousand billion billion in one day = 5 x 102
Check this please!



Trial solution is a powerful
method of solving differential
equations



2"d order homogeneous ODE

Step 1: Let the trial solution be

2
Substitute this back into ¥ d"x n bd_x+ cx = 0
dt’ dt

To get the auxiliary equation

Step 2: Solve the auxiliary equation to get and 5

Step 3: General solution is

Step 4: The Particular solution is found by applying boundary conditions




2
2d order homogeneous ODE [ ‘;f fl’t‘ -0

Step 1: Let the trial solution be Now substitute this back into the

mt

ODE remembering that =me" =mx el

This is now called the auxiliary equation B kBN, BN

0

Step 2: Solve the auxiliary equation for and m,

Step 3: General solution is Y Aemlt +Bem2f or x:emt(A+Bt) if m,=m,
For complex roots solution is b= Ae(“”ﬂ)t + Be(“_lﬂ)t which is

SENEERY x = o' (4e”' + Be ™) [ x =™ (Csinft+ Dcosft) = E&*[cosBt +d) ]

Step 4: Particular solution is found now by applying boundary conditions




d*x dx

2"d order homogeneous ODE [ b +ex=0
4

Step 3: General solution is YRS PPLRETY S PULS OF xzemt(A+Bt) if m,=m,

For complex roots solution is [ PGy > PG

CENEER v = o' (47 + Be ")) x=€"(Csinft+Dcosft)=E&"[cos{Bt +@)]

which is




Step 3 The General solution

(- = 4™ + Be™

If m, and m, are real

2 b= emt(A—I—Bt) If m, and m, are equal

m=o xti

v = fo@tiPr L pola-ip)

The solution simplifies  RUECICAMN 0 LNty Py

3 If m, and m, are complex

x=e"(Csinft+Dcosft)=E&"[cosBt+¢)]




2" order homogeneous ODE

Let’s have a go now at the two most
simple 2" order homogeneous ODEs

Unstable equilibrium

2

?x(t) = o’ x(¢)

http://www.youtube.com/watch?v=ZbCLAZSPLNk Linear harmonic oscillator

http://www.youtube.com/watch?v=V8F640n2PzQ&NR=1



2"d order homogeneous ODE

Example 3.2: Linear harmonic oscillator with boundary d’x(1)
conditions that it has velocity V when time t=0 at x=0 dt*

Step 1: Let the trial solution be So @:mé’”:m

Step 2: The auxiliary is then and so roots are §;/E=R=w1n),

Step 3: General solution for complex is x:e“t(Csin,BHDcos,Bt)
where ot =0 and B=® so REIONSHIIEIRIING;

Step 4: Whenx=0 t=0 so (IO IEFII O] so

From general solution we find g —Ca)cosa)t 100311104 Conditions state when




2"d order homogeneous ODE

Example 3.3 Unstable equilibrium, with boundary
conditions that it has velocity 0 at time t =0 and x(0) =L

Step 1: Let the trial solution be So @:mé’”:m

Step 2: The auxiliary is then PHRIISSPNERY and so roots are
Step 3: General solution for real roots Wl x(t) = Ae™ + Be ™

Step 4: Whent=0 x=L so BO)ENAEY:BAEN) so

dx _
From general solution we find Conditions state when
5

dx
t=0 and x = L, velocity is 0, so NS Eyws

dt

"—Bae ™ =Aa—Bo

Particular solution is therefore x(t) = £e“f n £e_0” = L cosh(at)




2" order homogeneous ODE

Example 3.2
Linear harmonic oscillator

Q

Example 3.3
Unstable equilibrium

2

?x(t) = o’ x(?)

L
~ = [ cosh(at)




More examples

Find general solutions to

2
And a particular solution to [ d’y _,dy
X dx

d
= E— — O
where XOELY and ol




More examples 1 ans

d2y

Find general solutions to 2 =4y
X




More examples 2 ans




More examples 3 ans

2
1YV 2% 50
dx dx

Find general solutions to




More examples 4 ans

Find a
particular solution to




Lecture 3 summary ....

d’ d.
For equations like this [ * b—)C +cx =0

Use a trial solution

Solve the auxiliary equation and
write down the general solution Rl Ae™ + Be'™




Lecture 4
Ordinary Differential Equations

Purpose of lecture 4:

1 Solve the full 2" order homogeneous ODE

1 \With reference to damped harmonic osclillators

1 [ntroduce method for solving in-homogeneous ODE



2"d order homogeneous ODE - revision

2
Solving RIS
dt dt

Step 1: Let the trial solution be Now substitute this back into the

mt

T =mx EERL

This is now called the auxiliary equation [T kN, I

d.
ODE remembering that j); =me

Step 2: Solve the auxiliary equation for and m,

Step 3: General solution is Y Aemlt +Bem2f or x:emt(A+Bt) if m,=m,
For complex roots solution is b= Ae(“”ﬂ)t + Be(“_lﬂ)t which is

SENEERY x = o' (4e”' + Be ™) [ x =™ (Csinft+ Dcosft) = E&*[cosBt +d) ]

Step 4: Particular solution is found now by applying boundary conditions




2"d order homogeneous ODE

2
‘jl 3_4@+4x 1] Boundary conditions x=4, velocity=0 when t=0
t

dt
Step 1: Trial solution is so auxiliary equation [7yRE. P YNy, gy

Step 2: Solving the auxiliary equation gives

Step 3: General solution is RETAMO ET:1)] if m.=m, giving Rt OZEP:1)

Step 4: Particular solution is found now by applying boundary conditions

Whent=0,x=4 so 4:@0(A+B()) and so

dx
Since X :ezt(A_'_Bt) :Aezt +Bt€2t VGIOCity el — 2A€2t +B€2t +2Bt€2t

dt
ETITLGETAA N EN NN ) =2 4% + B’ +2B0e” =24+ BELCB B =-24=-8
Full solution is therefore BEala (4-8¢)




2"d order homogeneous ODE

Example 3: Damped harmonic oscillators

d
Effect of damper drag will be a function of
4
d*x

Rally suspension
http://uk.youtube.com/watch?v=CZeCuS4xzlL 0&feature=related

Modelling differential equations
http://www.falstad.com/diffeq/

Crosswind landing
http://uk.youtube.com/watch?v=n9yF09DMrrl




2"d order homogeneous ODE

Example 3: Linear harmonic oscillator with damping

Step 1: Let the trial solution be So @—mé’”

If faXod then -\ will always be real

What if [ or



2"d order homogeneous ODE

Example 3: Damped harmonic oscillator ﬂ+27/@+%x 0

Auxiliary is roots are

1) Over-damped PEERAN gives two real roots | IRV WERENT
Y 0 1 Y /4 0

(II) Critically damped gives a single root

(III) Under-damped This will yield complex, wavelike, solutions
due to presence of square root of a negative number.



2"d order homogeneous ODE

| | _ 2 _ 2
(I) Over-damped gives two real roots m =—y+ VY @,
2 2

My, ==y =~V —&

x=e"(A+ Bt) \

Y 2yt wEy = w0
yv=1c1 expicd ) + o2 explcd ¥

LHE = harmonic oscillator » | RHS = zero

h=+ 454 Initialy'=0

B

Both m, and m, are negative so x(f) is the sum of two exponential decay
terms and so tends pretty quickly, to zero. The effect of the spring has been
made of secondary importance to the huge damping, e.g. aircraft suspension



2"d order homogeneous ODE

(II) Critically damped gives a single root

x=e¢e " (A+ Bt)

w2yt Ty = w0
v=expicd ¥ (1 sinfcd ¥+c2 coscd )
LHS = harmaonic ascillator » | RHS = zero
Initialy'=10 + 0.00041
- 021174
+0.1264

I

c?
c3
cd

Here the damping has been reduced a little so the spring can act to change
the displacement quicker. However the damping is still high enough that
the displacement does not pass through the equilibrium position, e.g. car
suspension.



2"d order homogeneous ODE

(III) Under-damped This will yield complex solutions due to
presence of square root of a negative number.

We do this so that Q is real

General solution with complex roots:

x=FEe"[cos@Qzt+¢)] \AM

. N o O " 2y Sy = w0
The solution is the product of a sinusoidal = oot (1 oin(ch 0s2 60564 1)
term and an exponential decay term - SO LHE:=f'lair'-r'liilr'li[: oscillator _ “ -F-!HEi=Eerl:l
represents sinusoidal oscillations of e=r

decreasing amplitude. E.g. bed springs.




2" order homogeneous ODE

2 2
y =0,
critically damped 72 > a)j‘ Q faCtOr

over damped

under damped

v <

A high Q factor means the oscillations will die more slowly



2"d order inhomogenous ODE

Introduction

Hopefully these equations from PHY102 Waves & Quanta are familiar to you....

Forced oscillation without damping:
2

m %x(t) +kx(¢t) = H,cosw,t

Forced Oscillation with damping:
d’x . dx

m——+b—+kx=H, cosw.t
dt  dt TP

e.g. Mechanical oscillators, LCR circuits, optics and lasers, nuclear physics, ...



Inhomogeneous ordinary differential equations

Step 1: Find the general solution to the related homogeneous equation and call

it the complementary solution

Step 2: Find the particular solution of the equation by substituting an

appropriate trial solution into the full original inhomogeneous ODE.

e.g. If f(t) =t try X,(t) = at? + bt + ¢
If f(t) = 5e3t try X,(t) = ae’
If f(t) =5ewt try X,(t) = ae'!
If f(t) =sin2t try X,(f) = a(cos2t) + b(sin2t)
If f(t) =cos wt try X,(t) =Re[ae™'] see later for explanation
If f(t) =sin ot try X,(t) =Im[ae™]

If your trial solution has the correct form, substituting it into the differential
equation will yield the values of the constants a, b, c, etc.

Step 3: The complete general solution is then E{JERA(IESM(I] .

Step 4: Apply boundary conditions to find the values of the constants




d’x dx

+qg—+rx=7(t
p g f(@)

dt*

What is the form of the particular solution for the
following functions:

f(t)=3sm4t

f(t)=Fcoswt




Particular solutions:




Inhomogeneous ODEs

Example 4: Undamped driven oscillator d_zx(t)ﬂ,)ox(t) F cos ot
Atrestwhent=0and x=L dt’

Step 1: The corresponding homogeneous general equation is the LHO | &

= A4 cos @yt + Bsin ot

that we solved in last lecture, therefore R& (t)

Step 2: For Jge 0/ we should use trial solution B (IEF AV EIAS ¥

Putting this into FULL ODE gives:-
(w; —w*)acos ot +(w; —w’)bsin wt = F cos ot

Comparing terms we can say that b = 0 and

Step 3: So full solution is — 4cos a)ot+Bsin o

2




Inhomogeneous ordinary differential equations

Example 4: Undamped driven oscillator Wk ,
Atrestwhent=0and x=L ?x(f)Jra)ox(f) = F coswt

Step 4: Apply boundary conditions to find the values of the constants A and B

for the full solution x(t) = 4 cos a)ot + Bsin a)ot +

, F
Whent=0,x=L so L(O):Acosa)OO+Bsma)OO+2
W, — @




Inhomogeneous ordinary differential equations
Example 4: Undamped driven oscillator ik 5 B
Atrestwhent=0andx=L ?x(t) toux(t) = Feos ot

Step 4: Apply boundary conditions to find the values of the constant B

dx
At rest means velocity atx=Landt=0. So differentiate full solution
t

dx(t) Fo

R NEON SOV O e W - 1\ as velocity = 0 when t = 0

dt Wy — @

dx(t) : Fo .
=—Aw.sihw,0+ Bw, cosw,0 ———sin w0 = Bw, = 0 B=Ts!
dt 0 0 0 0 a)g_a)z 0 H

Full solution is therefore EYGEINS I oS w1 + _
w’ o, — o

@, —




Undamped driven oscillator with SHM driving force

F F =Hcos(wt)
his can also be written as BAGEEALNONES (@ — ) (cosmt —cos w,t)
W, — o

A few comments
I Note that the solution is clearly not valid for

xX(t
1 The ratio is sometimes called the response of the

oscillator. It is a function of @. It is positive for ® < ®,, negative &&=

for ® > w, . This means that at low frequency the oscillator
follows the driving force but at high frequencies it is always
going in the ‘wrong’ direction.

W, ® drivi?ng freql.:lency

—

response of oscillator

Displacement x(t)

x(t)/ F




Lecture 5 — Inhomogeneous ODE

d’x dx

+qg—+rx=f(¢)

P dt’ dt




Inhomogeneous ordinary differential equations

Step 1: Find the general solution to the related homogeneous equation and call

it the complementary solution

Step 2: Find the particular solution of the equation by substituting an

appropriate trial solution into the full original inhomogeneous ODE.

e.g. If f(t) =t try X,(t) = at> + bt + c
If f(t) = 5e3t try X,(t) = ae’
If f(t) =5ewt try X,(t) = ae'!
If f(t) =sin2t try X,(f) = a(cos2t) + b(sin2t)
If f(t) =cos wt try X,(t) =Re[ae™!] see later for explanation
If f(t) =sin ot try X,(t) =Im[ae™]

If your trial solution has the correct form, substituting it into the differential
equation will yield the values of the constants a, b, c, etc.

Step 3: The complete general solution is then E{JERA(IESM(I] .

Step 4: Apply boundary conditions to find the values of the constants




Undamped driven oscillator with SHM driving force

F F =Hcos(wt)
his can also be written as BAGEEALNONES (@ — ) (cosmt —cos w,t)
W, — o

A few comments
I Note that the solution is clearly not valid for

xX(t
1 The ratio is sometimes called the response of the

oscillator. It is a function of @. It is positive for ® < ®,, negative &&=

for ® > w, . This means that at low frequency the oscillator
follows the driving force but at high frequencies it is always
going in the ‘wrong’ direction.

W, ® drivi?ng freql.:lency

—

response of oscillator

Displacement x(t)

x(t)/ F




Undamped driven oscillator with SHM driving force

F
x(t) = Lcos wyt +—————(coswt —cos i)
W, — ")

amplitude =

amplitude

response =

)
i
>
=
Q
&
© .

Normalized frequencey (w)



Example of inhomogeneous ODE

d’x dx

+4— +3x =2sin(4¢)

Solve
dt’ dt

FIRST Find complementary solution of

d’x  dx
: +4—+3x=0
related homogeneous equation /s dt

Step 1: With trial solution auxiliary is

m, =—3
Step 2: Soln of auxiliary to complementary homo ODE mlz __1

Step 3: Complementary solution is PRV RSS2



d’x dx

Find the particular solution EraEEEsREIEE

dt? dt

SICEHUEERGERGENCTTIT N X (1) = acos4i +bsin 4: REURETEGTIE

it in the FULL differential equation

dx : d*x :
E = —4asin 4t +4bcos 4t % = —16acos 4t —16bsin 4¢

(—16acosdt —16bsin4t)+4(—4asindt +4bcos4dt) +3(acosdt +bsindt) = 2sin 4t

Collecting sine and cosine terms

16bcosdt —13acosdt —13bsindt —16asindt = 2sin 4t

(166 —13a)cosdt +(—13b—16a)sin4t = 2sin 4t



Example of inhomogeneous ODE
d’x  dx

i + 45 + 3x = 2sin(4¢)

Having collected terms ...

(16b—13a)cosdt+(—13b—16a)sin4dt = 2sin 4t

We compare sides to give ...

(16b—13a)=0 and (—13b—16a)=2

Solving for a and b

Step 5: General solution is

32 26

xO=x (D+x ()= Ae + Be" ———cos4t ———sin 4t
(1) =x()+x,(2) 105 105




Driven damped harmonic
motion

4x4 with no shock absorbers

http://uk.youtube.com/watch?v=AKcTA5j6K80&feature=related

Bose suspension

http://luk.youtube.com/watch?v=eSi6J-QK1lw




Finding a partial solution to inhomogeneous ODE
using complex form

Sometimes it's easier to use complex numbers rather than messy algebra

WX R ia1Cl Fe'” = F coswt + iF sin wt

and we can also say JRSIAAEEYWITD
=M Im i Fe'” (= F sin ot



Finding a partial solution to inhomogeneous ODE
using complex form

2
Let’s look again at example 4 of lecture 4 notes %x@yr w:x(t) = F cos wt
t

d2
But let’s choose to solve the equation ?X(t)nLa)éX(t) = Fe

it

If we solve for X(?) and take only the real coefficient then this will be a

NN R IR  Re \ Fe'” 1= F cos wt



Finding a particular solution to inhomogeneous ODE
using complex form

2
d—x(t) +o;x(t) = F cos ot
dt’ ’

2

d iot

Trial particular solution

2
Substituting gives (% +w2)Ae'” = (-0 + w})Ae'” = Fe'™

F

ince R0 e —
Therefore since KU, (@ — o) €

Fcosmt

it

x, (£) =Re{X, (1)} =

((00 T a)z)




Example

d’x(t)

22 4x(t) =5s1n 8¢

1. Determine the complementary solution
2.Select a trail form of a particular solution

3. Substitute the trial in the ODE to determine the
unknown coefficients in the particular solution

4. Write down the complete general solution

Left side of class : use sine + cosine, right side of class: use complex method



Find full solution of inhomoODE extra example below
d’x(t)

—4x(t)=5sin 8¢

2

dt
Step 1 and 2: For trial of =¥ auxiliary is roots

Step 3: Complementary solution is BRGEN ARy

Step 4: Use the trial solution R UERAUIIRIAURI  and substitute

arl o - d . 2
it in FULE eXpie s —8asin 8¢+ 8bcos 8t d’x =—64acos8t—64bsin 8¢

dt dt’
(—64acos8t—64bsin8t)—4(acos8t+bsin8¢) =5sin8¢

=1 1o | [Ti 1ol — 68a cos87 —68bsin 87 = 5sin 8¢
TN EN R CENC N (Rh =5 gnd —68a=0
5

Solving gives FEIIRRI)) b:_i so PANE
638 P

Step 5: General solution is P{YEPHAEPH(IE Ae* + Be ™ —&sin 8t




Find partial solution to example of inhomoODE using complex form

- - 2
Complementary solution is  [Zae4¢3) _4x(f) = 5sin 8¢ Is it faster this way?
unchangedso..... dt>

Step 4: Imagine equation we want to solve is of the form

Imi5e™ ;= 5sin8t @ 5™ = 5c0s8¢ + 5isin 8¢
iscMdX . .
So we pick a trial solution RESGERE 5

Substituting into FULL equation gives [N Ay, iy Uy« 3y Pl ey

5 5
Cancelling gives and Xp(t)z_&e&t

Solution is ENOE Im{Xp (t)}: Im{—%eg”} = Im{—%(cos 8t +isin 81)} = —%sin 8t

d

2
)2( = —64A4e™
dt




ODE - summary and tips

 Learn the steps and follow them
* Write neatly
* Don’t work too many algebraic steps at once

* Practice many questions



